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ABSTRACT A simple approximate solution for the mass action kinetics of small particles (viruses or vesicles) binding to
large particles (cells) and their subsequent fusion has been derived. The solution is evaluated in terms of the measurable
fluorescence changes expected when the virus or vesicles are labeled with fluorescent probes, which are diluted into the
cellular membrane by fusion. Comparison with numerical integrations shows that the approximate solution is extremely
accurate. Analytic simplifications for a variety of special cases of this general problem are also shown.

INTRODUCTION

The adhesion of vesicles and virions to cells, and the
subsequent fusion between the membranes, has been stud-
ied from many perspectives (White et al., 1983; Redmond
et al., 1984; Citovsky et al., 1985; Doxsey et al., 1985; van
Meer et al., 1985; Stegmann et al., 1985, 1986, 1987a—c;
Hoekstra et al., 1985; Hoekstra and Klappe, 1986; Rich-
man et al., 1986). Much of the recent work has involved
kinetic analyses, aimed at obtaining the rate constants for
the aggregation and/or fusion steps (Kuroda et al., 1985;
Nir et al., 1986a—c; Tsao and Huang, 1986; Blumenthal et
al., 1987). Quantitative studies, such as these, are neces-
sary to elucidate the molecular mechanisms of close appo-
sition between membranes and their subsequent fusion
(Blumenthal, 1987; Bentz and Ellens, 1988; Bentz et al.,
1988).

Standard kinetic equations describing the vesicle-cell
aggregation and fusion reactions are typically difficult to
solve, often involving 10* coupled nonlinear equations. To
facilitate the usage of the kinetic analysis, we have devel-
oped a simple solution for one class of these problems,
which includes virus aggregation and fusion with cells, as
well as particle-macrophage interactions. Specifically, we
have treated the problem of small particles binding and
fusing with a larger particle. Our first focus is the case
where the binding/fusion sites on the larger particle’s
surface are identical and independent of the neighboring
sites. In this limit, the kinetics are comparable to the
situation where all sites are homogeneously distributed
within the reaction volume. By inclusion of the fusion step,
this work extends the treatments given by Yassky (1962),
Gani (1965, 1967), Perelson (1985), and Brendel and
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Perelson (1987) for the aggregation of small and large
particles. In addition, we have coupled these kinetics to
specific fluorometric assays commonly in use for virus-cell
fusion and developed a very simple formula for the time
course of fluorescence intensity changes.

We have also considered the case where the binding sites
are not independent, i.c., virus bound to a site shields an
adjacent binding site. This reduces the higher order aggre-
gation rate constants. The effect of this shielding can be
measured and minimized simply by increasing the concen-
tration of cells, ie., increasing the number of vacant
binding sites so that near neighbor interactions become
unlikely. On the other hand, when fusion is rate limited by
irreversible aggregation, we have found nearly analytical
solutions for fluorescence intensity and the concentration
of each of the fusion products. These solutions are given in
terms of an effective time parameter, which is evaluated by
a single-numerical integration. This case subsumes that of
irreversible binding of small to large particles.

Several approximate solutions are presented for limiting
cases and their accuracy is estimated from numerical
calculations. The reliability of the approximate solutions
implies that one may use the homogeneous approximation
whenever the binding sites are independent. Furthermore,
although it is known that virus-cell adhesion can be
reversible (Hoekstra and Klappe, 1986), our results indi-
cate that this reversibility can be measured reliably only by
preincubation of the system under nonfusogenic conditions
(e.g., low temperature) followed by a jump to the fusogenic
condition (e.g., 37°C). The simplest equations for ana-
lyzing fusion after preincubation are described.

Finally, we have examined the kinetics of dimerization
for two different particles. The aggregation and fusion of
the mixed or asymmetric pair (4 + B — AB — fusion
product) is described under the condition that neither of
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the pure pairs (4 + A or B + B) can aggregate. These
solutions will simplify the study of fusion between asym-
metric vesicles, i.e., where the apposed membranes are
quite different (Bentz et al, 1987; Stamatatos et al.,
1988).

II. Mass Action Model and the General
Kinetic Equations

In this section, we show the mass action reactions which
govern virus-cell aggregation and fusion, as well as the
kinetic equations which determine the evolution of the
system over time. The molar concentration of cells with i
virions adhering and j fused virions is denoted [4F;]. The
following reactions determine the concentration of this

species:

Gy
V + AF;— AF,,,,

AFyy0 L2222 4F,
C,._

V+ AF,_ub'——-uAF,, B aF iy (L1)
(MW}

These reactions generate the following kinetic equations
for the change in [4F;] and the free virus concentration
[V] in time:

d[AFy]

@ CylVI[AFy) + DylAF,,, )

+ frrrg-1[AF 0 4]

+ Cif[VIAF, 1 ;] — Doy + fy)[AF] (IL2)

Np—1 Np—1—)
S o wilar) + L4, ), 13)
-0 -0
where Ny and Ny denote the total number of fusion sites
and binding sites on the cell, respectively.

It has been found for Sendai virus that the maximum
number of virus particles which can bind to an erythrocyte
ghost exceeds the maximum number which can subse-
quently fuse with the ghost membrane (Nir et al., 198654).
It is not yet known whether the extent of fusion is limited
by some threshold density of virial fusion proteins in the
target membrane (due to fusion) which prohibits further
fusion or whether only some of the binding sites are
capable of supporting fusion. In any event, we will let N
denote the maximum number of virions which can fuse
with the cell. We assume that the fusion sites are a subset
of the binding sites, i.e., the fusion event eliminates that
binding site. It is obvious then that [4F;] = 0 if either j >
Nrori + j> Ny We note that if Ny > N, i.e., not all of
the binding sites are fusion sites, then Eq. I1.3 has the first
summation (over f) from 0 to Ng, rather than Ng — 1.

We will first consider one simple model which assumes
that the binding and fusion sites are identical and indepen-
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dent. This implies that the rate at which free virus binds to
the cell is strictly proportional to the number of remaining
empty sites. Furthermore, the rate at which bound virus
particles either fuse with or dissociate from the membrane
is strictly proportional to the number of bound particles.
Thus,

Ne—i—-J
—C
Ny

Dy=(G+1)D
Jy=1ifs

where C = Cy, D = Dy, and f = f,,, i.e., the rate
constants for a cell with no competing bound or fused virus.
In Section VI and Appendix D, we will treat the case of
interacting binding sites, i.e., where they are not indepen-
dent, under the condition that aggregation is rate limiting.

With this prescription of the rate constants, the kinetic
equations are identical with those previously used by Nir et
al. (1986b). The total concentration of cells, denoted G,
and of virus particles, denoted ¥, satisfy the conservation
relations

Cu‘

(I1.4)

Ne Np—/

Go=2 2 [4F,]

j=0 i=0
N Ny—J

Vo= [V1+2_ D (i + j)[AF,).

j=0 -0

(IL.5)

Fig. 1 shows a sample calculation. Panel A gives the
fraction of free cells, i.e., with no bound or fused virions
([AFx]/G, in our notation), the fraction of free virus
([V1/V, in our notation), and the expected change in
fluorescence intensity due to viral-cell fusion using a lipid

10 A FiGURE 1 Exact values for the
distribution of cells and virions
during aggregation and fusion.
For these calculations the follow-

osh 7 e ‘m“;m ing parameter values were used:

traction of max) V,=5x 100" M, G, = 1 x
107" M, N = 10, C = 2 x 10*°
M's! f=10*s", and D =
10~* s~'. The numerical solu-
tions shown in Figs. 1-3 were
obtained using the differential
equation solver DGEAR (IMSL
Library, Houston, Texas) which
was runona VAX 11/780 at the
Laboratory of Mathematical Bi-
ology. The differential equation
solver was imbedded in a general
purpose simulation/plotting
package written in VAX77 For-
tran standard. Panel A shows the
fraction of free cells, i.e., with no
bound or fused virions ([AFy/
G,), free virus ([V]/V,), and the
fluorescence due to fusion, from
Eqs. (I1.2—4) and (III.1-3). Panel B shows the fraction of cells with only
fused virions, and none bound, i.c., [4F,]/G,, where the number of fused
virions, j, is shown beside each curve.
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mixing assay, as described in Section III. Panel B shows
how some of the individual components of the cell distribu-
tion function behave. Here we have plotted the fraction of
cells with j-fused virions and no other bound virions, i.e.,
[AFy]/G, in our notation, where the value of j is given
beside each curve. What is obvious is that each species has
its own time period of existance.

When there is no fusion, i.e., f;; = 0 and the concentra-
tion [4F;] = O when j > 0, and the virus is binding to the
identical and independent sites on the cell, then simple
solutions for Egs. (I1.2 and 3) can be obtained (Perelson,
1985). Let [4;] = [AF o], since these are the only species
with nonzero concentrations, and assume that there is no
virus bound initially (i.e., [V(¢ = 0)] = ¥,). Then these
solutions are,

m Ns i1 _ TyVa—i
G. ( ; )T(l )
vl (7] qp
Vo V, explgri—p’ (1L6)
where,
T 1 - [V]/Vo= Vo — [V]
1 + a NGO
Ny Ny!
i| iNg - i)
vl 1
v, - Z{q —(a+ KD)}
g = (e + Kp)? + 4K}
2+a+Kp—¢
P 2+a+Kp+4q
, CVyt
Ny
NGy ]
44 ——‘—‘Vo —_
NyD
Kp = CBV A (IL7)
[}]

T is the fraction of sites on the cell which are bound by
virions and [V] is the equilibrium concentration of free
virus.

It should be noted that the kinetics of virus binding here
is precisely the same as if the sites were distributed
homogeneously in the system (Tanford, 1961), i.e., the
equivalent reaction is,

C
Vi S—=Vs, (I1.8)

when S, = total molar concentration of cellular sites =
NpGyand C' = C/Ng. The rate of particle approach to each
site is identical, whether it is on a cell surface or homoge-
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neously distributed in the reaction volume. The scaling by
the number of binding sites on the cell arises solely to
transform C from the units of (molar concentration of
cells)~! to C’ in the units of {molar concentration of
sites) .

In Appendix D, we show that the general case of
arbitrary higher order aggregation rate constants can be
dramatically simplified when the aggregation is irrevers-
ible. This case subsumes that of irreversible aggregation
rate-limiting fusion.

II1. Fluorescence Assays for Fusion

Fluorometric assays can independently monitor the mixing
of the membrane components and the encapsulated aque-
ous contents, and are uniquely suited to follow the rapid
kinetics of virus-cell fusion because of their sensitivity.
Here, we shall primarily consider lipid mixing assays (e.g.,
Struck et al., 1981; Hoekstra et al., 1984; Silvius et al.,
1987), which have been used extensively in virus-cell and
liposome-cell fusion studies (Citovsky et al., 1985; Steg-
mann et al., 1985, 1986, 1987a—; Hoekstra et al., 1984,
1985; Hoekstra and Klappe, 1986; Nir et al., 1986a—;
Blumenthal et al., 1987; Stamatatos et al., 1988).
Diizgiines and Bentz (1988) have recently reviewed the
fluorometric fusion assays and the methodology of their
usage. Extension of our treatment to the more rigorous
aqueous contents assays is straightforward.

The details of calibrating the flucrescence assays are
given in Appendix C. We assume that the quantum
efficiency of the fluorophore does not change due to
virus-cell binding. Only dilution of the probes after fusion
changes the fluorescence intensity, due to changes in
Forster energy transfer. In this case, the important variable
is the concentration of cells with j-fused virions, regardless
of the number of bound virions. Thus, we define

M-/

Ff) = 3_ [4F. (IIL1)
=0

The upper bound of the summation accounts for the fact

that, for F(t), j of the binding sites have fused.

If iy denotes the absolute fluorescence intensity initially
{before fusion), i; denotes the final absolute intensity (e.g.,
after membrane solubilization with detergent) and i(¢)
denotes the absolute intensity at time ¢ due to fusion, then
the relative fluorescence intensity is

I(t) -

-t 1 prw,

- - (1I1.2)
it —dp Yo 1o

where B, is the fluorescence per fluorophore after the
fusion of j virions with the cell, relative to its maximal
fluorescence.

The complete definition of B; is given by Eq. (C.7). In
the limit of infinite dilution of the probe into the cell
membrane, B; = 1 and I(¢) = the average number of fused
virions per cell. Typically, B; < 1 since there will be some
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Forster energy transfer after fusion. The important param-
eter is D, = {surface area of the cell (Sg)/surface area of
the virus (S,)]. When D, = Sg/S, is large, then the
quenching of the fluorophore in the cell membrane after
fusion is a linear function of acceptor surface density and

1

Bj= ———. 1113
771 4 j/Dy (111.3)

We will use this form for B, in the subsequent calculations,
because it conforms to the experimental configurations
which we treat.

IV. Exact Solutions: Irreversible,
Aggregation Rate-Limiting Fusion

In general, there is no closed form solution to the kinetic
Eqgs. (11.2) and (11.3), even with the simplifying assump-
tions on the structure of the higher order rate constants,
Eq. (I1.4). However, we will first consider the case of
irreversible, aggregation rate-limiting fusion kinetics,
where there is an exact solution. In Section V, we will use
this solution to obtain accurate and simple approximate
solutions for the general problem. For the remainder of this
work, we will assume that all of the binding sites and the
virions are fusogenic, i.e., Ny = Np.

A. The Kinetics Equations. When the aggrega-
tion is irreversible (D,; = 0) and the overall fusion reaction
is rate limited by the aggregation step (f; » C; [4F; )),
only the cell fusion products 4F; have nonzero concentra-
tions. Thus, we can simplify the notation by writing [F;] =
[4Fy]. When there are no virions initially bound or fused,
i.e., [V(t = 0)] = V,, we can solve Eq. (IV.2) immediately
using the previously derived solution to the binding prob-
lem, Eq. (IL.6), by setting D = 0. Thus,

m a
Vo {(a+ Dexplar)—1

where a = (Ng Go/Vy) — 1 and 7 = CVyt /N, as defined in
Eq. (IL.7) when N = Ng. It is useful to note that

(Iv.1)

Vo
ar=|1 - CcG Iv.2
( N, FGo) of (1v.2)
so that in the limit of a large excess of cell fusion sites, i.e.,

N Gy » V,, we obtain (Nir et al., 19865)

1 M

Ve exp {— CGyt}.

(Iv.3)

Now the solutions for the cell fusion products can be
obtained using the solutions given by Perelson (1985), in
that irreversible aggregation becomes irreversible aggrega-
tion-rate-limited fusion. Thus, from Eq. (I1.6) with N, =
Nrand D =0,

(Iv.4)

.@_ Ne (1 — TYy¥e—t
G (j)T( Y,
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where

T 1 - {V]/V,
a+1
exp far} — 1 a0 T
T +a)explar} — 1 "1+ (av:3)

T'(7) is now the fraction of sites which have fused with a
virion. Clearly, 7(0) = 0 and

1 Vo

- az=0
limT {1 +a NeGp (IV.6)
1 a=<0
B. Expected Fluorescence Intensities. From

these solutions, we can develop a very simple analytical
solution to the expected fluorescence intensity when the
acceptor molecules are sufficiently dilute to use the linear
dequenching function in Section III. We note first that
under the assumption of aggregation-rate-limiting fusion,
F(t) = [F)], see Eq. (IIL.1). Thus, Eqgs. (II1.2 and 3) and
Eq. (IV.4) yield

16 % f (Ij) Tl - Ty — I

—. (IV.7)
0 j-1 1 +j/Dy

This equation is exact and not difficult to evaluate,
provided that Vg is not too large. However, with some mild
assumptions we can resolve it to a very simple closed form
expression.

When the target membrane is large relative to the viral
membrane, i.e., D, = S5/S, — «, then we obtain

Dy~ M (N, . :
1y 27 2G5t (MR ot - ey
VO}-I J
G,
-—N.T
vV, F

(IV.8)

i.e., I{t) simply equals the fraction of fused virus. We note
that a fluorescence assay for contents mixing, corrected for
any leakage during fusion, would usually follow Eq. (IV.8)
(Diizgiines and Bentz, 1988).

A more rigorous result for the case of finite dilution
factors is derived in Appendix B using an asymptotic
expansion of Eq. (IV.7). When Np » 1 and Np/D, < 1,
then

G_o N T
Vo L + NeT/Dy + (By + Ne )V

I(t) ~ (Iv.9)

This expression is extremely accurate, as will be shown in
Table 1 below. The derivation of this expression is not
simple, however we can illustrate its origin in the following
way. It is easy to show that the average number of fused
virions per cell is {(J) = NgT, thus if all of the cells were
fused to this average extent, then the relative fluorescence
1988
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intensity from Eq. (I11.2) would be

[ G )y
Vo1 + (3)/Dy
G, N:T

~TTNTD (IV.10)
which is nearly the same as Eq. (IV.9). Eq. (IV.10) is also
the expected fluorescence we would obtain by solving the
homogeneous system V + S -5 F, i.e., where the fusion
sites are assumed to be homogeneously distributed in the
system.

V. Approximate Solutions

We can now treat the general case where both aggregation
reversibility and the fusion rate constant affect the overall
fusion kinetics. In Section II, we saw that there was a close
homology between the virus-cell adhesion problem and the
case of homogeneously distributed binding sites. The same
homology holds for the case of fusion. Here the homoge-
neous mass action reaction is

c .
V+S=—3S8V S
D’

F, (V.1)

where S denotes the binding/fusion site and the primes on
the rate constants mean that they refer to the homogeneous
case. By our previous assumptions, we note that C' =
C/Ng, D' = Dand f’ = f, since both the fusion reaction and
the dissociation step are properties of the binding/fusion
site, per se. Here the initial concentration of sites S; =
[S(t = 0)] = NgG,. In Appendix A, we show that the
kinetics of this reaction are adequately approximated by

[¥] .

?0- 1 —(a+ DTH)

17 F, (K, DHTH), (V.2)

So
where

) exp lafl — 1 v3)

T=(1+a)cxp{a?l—1 ’

Fo=1+

exp {—K#}[(aexpiai))? — (R — a)(exp {at] — 1)?] — o explat)
(R — a)expladt — D (1 + a)explat) — 1)

(V.4)
whena = 0

exp {—K#}[1 — K#] — 1
K+ (1 +#)

Fio=1+

or, when K = a,

exp {—a#} [(exp {a?} — 1)? + #a exp {ar)?]
(exp {a?} — 1) (1 + a) exp {o?} — 1)

Fo=1-
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and
F=CWy
K=f/(CV,)
C - C'/(1 + D/f) = C/(Ne (1 + D))
t-r0 +Dif)

a = (So/Vo) ~ 1 = (N Go/Vo) -1 (v.5)

F, is a distribution function, i.e., 3,(f(, =l, 57,(f(, 0) =
0 and, 57,(K, »} = 1, which gives the fraction of the
attached virus which has fused. When aggregation is rate
limiting, K is large (=100) and %, ~ 1. When fusion is rate
limiting, K is small (<1) and %, « 1.

Using the approach developed in Bentz et al.
(1983, 1985), we will apply this result directly to the
general system and approximate the expected relative
fluorescence intensity from Eq. (IV.9) by

G, N, T

K, #). (V.
Vol + NeT/Dy + (Dy + NeT) FiK, 7). (V6)

I(t) =

Eq. (V.6) is a hybrid. The part excluding ¥, is the (nearly)
exact fluorescence intensity expected for virions fusing
with cells under irreversible aggregation rate-limiting con-
ditions. ¥, is a good approximation for the fraction of
attached virions which have in fact fused, for the homoge-
neous model. Simply multiplying the two functions

w 10r A

Q

g Ne=10

Q

(7]

e

S osf Ne=s

e

Z Np=2

g FIGURE 2 Comparison of ap-

2 00 . . L \ , proximate solution (dashed line,
0 100 200 300 400 500 Eq. V.6) and the exact solution

TIME {minutes}

(solid line), for the fluorescence
intensity due to virus-cell fusion.
Unspecified parameters are the
same as in Fig. 1. Panel A shows
the effect of varying the number
of binding sites per cell, Ny = 2,
5,and 10, when f = 10~*s~' and
D = 0. In these cases, K = 2-10.
Panel B shows the effect of vary-
ing the fusion rate constant, f =
1074, 107*, and 10~° s~', when
D =~0 and N; - 10. In these
cases, K = 101 to 10**, Panel C
shows the effect of varying the
dissociation rate constant, D = 0,
10-%,10"%and 10! s, when f =
107 s~ and N; = 10. In these
cases, K ~ 10 to 10*%.

-
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together presumes that the homogeneous model gives a
good estimate for the fraction of adhered virus which have
fused for the cell model. The error in this premise is that it
assumes that each species has the same fraction of fused-
to-bound virions. In Fig. 1 B, we see how the fraction of
fused virions for each species has its own time scale, which
makes the assumption rigorously impossible. Nevertheless,
the accuracy of the approximation, relative to the exact
numerical integrations, shows that the average error (over
the whole distribution) is typically negligible for the nor-
mal parameter ranges.

Fig. 2 shows the accuracy of Eq. (V.6) {(dotted lines)
relative to exact numerical integrations (solid lines) of the
mass action equations. Panel A shows the effect of varying
the number of fusion sites from 2 to 10. The approximate
solution is quite good, even when N; = 2. Panel B shows
the effect of varying the fusion rate constant f, ranging
from aggregation rate limiting, f = 0.1 s~', where the
approximate solution is nearly exact, to strongly fusion rate
limiting (f =107 s™! and K = 0.1), where the approxi-
mate solution is still in excellent agreement with the exact
calculations. In these cases D = 0, so that f = fand K = K.
Finally, Panel C shows the effect of varying the dissocia-
tion rate constant D, ranging from irreversible aggregation
to extremely reversible aggregation. A major factor in
aligning the exact and approximate solutions is that
increasing the value of D has the effect of making the
fusion more aggregation rate limiting and improving the
accuracy of the approximate solution.

It is clear from Fig. 2 that the approximation is quite
accurate, even under adverse parameter values, such as
strongly fusion rate-limiting kinetics (Fig. 2 B) or revers-
ible aggregation (Fig. 2 C). We have found the combina-
tion of these two conditions will cause the approximate
formula to deviate significantly from the exact solution, as
shown in Fig. 3. The use of higher order approximations for
# (Eq. [A.11] in Appendix A) does not significantly
improve the fit. On the other hand, if we treat the exact
curves as data (with random error added), and fit them
using Eq. (V.6), we obtain estimates for € and f which are
not significantly different from the correct values

-

oSt 7
} Np=2

FUSION FLUORESCENCE

0.0 1 i ol 1 1 )
1} 200 400 800 800 1000
TIME (minutes)

FiIGURE 3 Comparison of approximate (dashed line) and exact (solid
line) solutions when aggregation is reversible (D/f = 0.1) and the kinetics
are strongly fusion rate limited (K = 0.242 when N; — 2 and K = 1.21
when Ng = 10). Unspecified parameters are the same as in Fig. 1.
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(C.V. = 30%). The quality of parameter estimates, how-
ever, will depend on the interval over which samples are
taken as well as the sampling frequency.

Table I shows calculated and approximate values for the
fluorescence intensity for large values of Ng. It is evident
that the approximate solution is quite accurate when N is
large. It must be noted that the usage of ¥, as shown in Eq.
(V.6) is a compromise between brevity and accuracy. For
the parameters of the known virial fusion systems, this
choice is adequate. For more extreme systems, the higher
order approximations may be useful. However, when the
aggregation kinetics are reversible and the overall reaction
is rate limited by the fusion step, then accurate simulations
cannot be obtained from Eq. (V.6).

DISCUSSION

The derivation of Eq. (V.6) for the fluorescence intensity
due to virus-cell fusion has depended upon several assump-
tions. When aggregation is irreversible and rate limiting,
i, D/f « 1 andK = Ng f/CV, > 1, then the approximate

TABLE 1
CALCULATED FLUORESCENCE INTENSITIES,
COMPARISON OF NUMERICAL INTEGRATION OF MASS
ACTION KINETIC EQUATIONS, EQS. (11.2-4), WITH THE
APPROXIMATE SOLUTION, EQ. (V.6)*

% Fluorescence Intensity, 7(f) x 100

Casel  t(min) oy o0l 0.0001
N = 100 Exact Eq.(V.6) Exact Eq.(V.6)
D(s*) =0 2 1.6 1.6 0.02 0.02
D, =~ 500 5 6.2 6.2 0.14 0.14
10 14.1 14.2 0.5 0.53
30 38.0 379 3.8 4.0
60 58.8 58.8 11.8 124
Case 2 D(s~")=0.1 0.2
Ng = 100 Exact [Eq.(V.6) Exact Eq.(V.6)
f(s") =0.08 1 0.8 0.8 0.5 0.5
D, = 500 5 40 490 26 26
15 11.5 11.5 7.7 1.7
30 21.2 21.2 14.5 14.5
45 294 294 20.6 20.6
Case 3 D(s)=0 0.005
Ne=20 Exact Eq.(V.6) Exact Eq.(V.6)
f(s)=0001 10 39 4.2 2.0 22
D, =100 30 17.6 19.2 6.8 7.4
60 310 325 12.5 135
240 434 432 oo 310
360 438 43.6 35.0 35.7

*The following parameters were fixed: C = 1.1 x 10° M~'s~!, G, = 2.9 x
102 M and ¥, = 1.1 x 107" M. These values are typical for many
experimental cases and provide wide ranges for the variables a, # and .
Eqs. (II1.2 and 3) were used to calculate fluorescence intensities. For the
approximate solution, Eq. (V.6) is used. Numerical integration of Egs.
(I1.2 and 3) was performed using a Taylor series expansion, as explained
in detail in Nir et al. (19864, b).
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equation is essentially exact since the only approximation is
the extremely accurate closed form expression (Eq. [V.6]
or [B.13]) for the exact summation, Eq. (IV.7). As the
fusion step becomes rate limiting, i.e., K — 1, then Eq.
(V.6) becomes worse because we simply multiplied the
expected fluorescence under aggregation rate-limiting
kinetics, where all attached virus has fused, by the distribu-
tion function ¥F,, which is the fraction of attached virus
which has fused for the homogeneous case. As the fusion
step becomes rate limiting, the heterogeneity of the fused
cell products becomes more apparent.

Actually, our derivation is based largely upon the
assumption that there is little kinetic difference between
having the binding/fusion sites on a cell surface and having
them homogeneously distributed in the system. The valid-
ity of this assumption rests upon the structure of the higher
order aggregation rate constants, C;. We have analyzed
the case where the rate constant depended only upon the
availability of binding sites, i.e., C; = C (N — i — j) /N,
Eq. (I1.4).

We can promptly treat one important corollary to this
case which is when the number of fusion sites becomes
(effectively) infinite. Liposome-virus fusion falls into this
category because one virus fuses with any number of
liposomes (Nir et al., 1986a,c). Here the liposomes
assume the role of ¥ and a fusion product of one virus and j
liposomes is F;. Under aggregation rate-limiting kinetics,
see Egs. (IV.5 and 10)

V] Ny—eo
[7]—F—> exp {—CGt}
{)

| Neme Gy (J)
e Vol + (JY/Dy

Ny

1y 2= Yol _ exp (- c6u)). (VL)
G,

For liposome-influenza virus fusion, D, ~ 1 (Nir et al.,
1986a). These equations do not account for the possible
aggregation of the virial fusion products.

In the other extreme, we can ask whether a more
realistic accounting of surface binding will invalidate the
usefulness of the homogeneous kinetic equations. Thakur
et al. (1980) have considered the case of spheres attaching
to a surface to discover how the random distribution
occludes space using a gas phase model. The gist of their
calculation is that an incoming sphere can reach the
surface only if it does not collide with any portion of the
already attached spheres. Given the angular dependence of
trajectories near surfaces for gas phase kinetics, this sub-
stantially reduces the fraction of successful collisions. We
believe that this model overestimates the occlusion of
adjacent sites for particles undergoing Brownian motion,
which can also execute diffusion along the cell surface
(Berg and Purcell, 1977). Nevertheless, we shall see that
even an overestimate of this magnitude does not seriously
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compromise the approximate solution over the parameter
values relevant to this problem.

When N spheres of cross-sectional area wa® are placed
randomly on a surface of area S, then the fraction of
occupied area is p = Nwa®/S and the fraction of occluded
area is approximately (Bell and Brown, 1974; Thakur et
al., 1980)

5p

S(P)=1-( —p)exp {— —' (VL.2)

l-p

If p = 0.5, i.e., half of the surface is covered, then, f(p) =
0.997, i.e., the model would predict that aggregation would
proceed at vanishingly small rates, although at equilibrium
there would still be full coverage. If the fusion sites are
widely spaced, then this occlusion function is not impor-
tant. However, if the entire cell surface is sticky, or the
binding sites are closely packed, then higher order aggre-
gation will be less rapid.

To estimate the magnitude of this correction, we will
simply treat the case of irreversible binding, wherein the
measurable property is the total amount of virus attached
to the cells, whether fused or not. This case is identical to
that of irreversible aggregation-rate-limited fusion. The
worst case, with respect to the homogeneous solution, is
when the entire surface is accessible to binding and the
fraction of occupied area p = i/Ng, when i virions are
bound. The fraction of remaining surface is 1 — f(p).
Thus, we can introduce a shielding function g,, which gives
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FIGURE 4 Fractions of virus bound as a function of shielding of
adjacent sites by bound virus is caiculated from Egs. (D.9 and 10). Here
only irreversible binding is being considered. The solid line indicates the
binding when all binding sites are unshiclded, i.e., identical and indepen-
dent, where g, = 1 in Eqgs. (V1.34). The dashed line indicates the binding
when the adjacent sites are shielded, where g, ~ exp {—Si/(Np — )} in
Eq. (V1.4), and the number of sites per cell Ny = 5. The dotted line
indicates the binding when the adjacent sites are shielded and N > 20,
i.e. Ny — 20 or 50 gives the same values. The reduced time parameter 7 =
CVyt /Ny is used, where V, is fixed at 5 x 10~"* M, and the vzlue of G, is
altered to obtain the appropriate value of a = NgV,/G, — 1. Numerical
integration of Eq. (D.10) was performed using a Romberg algorithm.
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the reduction in Cj, in excess of the loss of binding sites,

Np—i
Co - c( ‘;VB )g, (VL3)
1 when binding is unshielded
&= 5§ o {(Vi4)
exp{— N when binding is shielded.
B —

The values of C;; for j > 0 are not relevant here. When the
shielding function g; = 1, then the results given in Section
II are obtained. Fig. 4 shows the fraction of virus bound
versus 7 = CV;t/Ng when binding is unshielded and when
it is shielded. The virus concentration is fixed
(Vo =5 x 107*M) and the cell concentrations are varied
such that a = 0, 2, and 10 for each of the three cases. These
values are calculated as described in Appendix D.

One general point is made. When binding is shielded,
the error due to neglecting this event can be minimized by
using excess binding sites, i.e., more cells, which is
expected. One can neglect the existence of shielding until
~3-5% of the available area is covered.

It is interesting that the data fitted by Nir et al. (19865)
for Sendai virus fusing with erythrocyte ghosts differ from
the theoretical curves, e.g., Eq. (V.6), in the same way as
would be predicted if shielding of binding sites were
occurring. Unfortunately, it is not yet possible to determine
whether the shielding effect explains the data, since it is
not known whether binding and fusion are over the entire
erythrocyte membrane (where, due to the large area,
shielding should be irrelevant) or over local patches of the
membrane surface, where shielding could be quite impor-
tant.

Once the virus has fused with the cell membrane, these
strictly geometrical considerations would have no rele-
vance to the aggregation rate constants. A detailed analysis
of surface diffusion would be required (Berg and Purcell
[1977]; Shoup et al. [1981]; Shoup and Szabo, 1982;
Goldstein et al., 1988). An obvious consideration is
whether all binding sites can fuse and whether fusion at
one site affects adjacent sites.

Fitting the Rate Constants

The first step is determining Ng, the number of (virus)
particles that can fuse with a single cell. This parameter is
obtained from the final extents of fluorescence, i.e., from
Egs. (V.6) and (IV.6),

t—~= Gy Ng

I(t —
@) Vol + Ng/Dy + (Dy + Ng)™!

(VL5)

when & < 0. The effective rate constants € and f can be
fitted by performing the fusion experiment with several
values of total virus concentration V, and cell concentra-
tions Gy, such that the ratio ¥,/G, is constant. In this way,
« is constant for all of the runs and as ¥, and G, become
small, the overall fusion is rate limited by aggregation, i.e.,
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¥, = 1in Eq. (V.6). Once C is determined under aggrega-
tion rate-limiting conditions, then fcan be fitted using the
data for larger values of V. If D = 0, then C = C’and f = f.
However, irreversible aggregation is not the general case.

An alternative way of fitting the rate constants, which
has been used in practice, depends on the fact that the
fluorescence curves predicted from Eq. (V.6) depend only
upon C at long times, where # (K, ) = 1. Thus, € is
obtained by looking at the later stages of the reaction. f is
obtained from fitting the initial stages. In practice, the
virus concentration is kept constant and the cell concentra-
tion is varied. Of course, the use of a more concentrated cell
suspension will enable a better determination of f because
fluorescence intensity values are larger in this case at the
carlier times (Nir et al., 19865).

Using the mass action kinetic model, the effective
aggregation and fusion rate constants for several virus-cell
and liposome-virus systems have been measured (Kuroda
et al., 1985; Nir et al., 1986a—c; Tsao and Huang, 1986;
Blumenthal et al., 1987). A discussion of the particular
values of the rate constants, and the physical ramifications,
can be found in Bentz and Ellens (1988). Overall, the
values which we have used in Figs. 1-4 and Tables I and 11
are typical of the experimentally determined rate con-
stants.

Reversibility and Preaggregation

The fact that the approximate solutions work so well using
only the pair of reduced parameters C=C/(1 + D/f)and
f=s01+ D/f) means that rigorously fixing all three rate
parameters C, D, and f will be difficult, if not impossible,
using only the forward experiment. Determining the value
of D/f requires a different experiment. The most useful
approach appears to be binding the virions to the cells
under nonfusogenic conditions (e.g., 4°C for Sendai virus
and erythrocytes: Hoekstra and Klappe, 1986; Nir et al.,
19865) and then switch the condition to fusogenic, e.g.,
37°C. The virions will either fuse or dissociate from the cell
and both events can be independently monitored.

Since the dissociated virions will eventually attach to
and fuse with other cells, the exact solution to this problem
is not simple and requires extensive computer calculations.
However, we can obtain an approximate answer, which is
initially exact. We consider the homogeneous model given
in Eq. (V.1) under the condition of preaggregation such
that the concentration of bound virions is ¥, there is no
free virus, and all of the bound virus can either fuse with or
dissociate from the cell membrane. Following the switch to
the fusogenic conditions, the average number of fused
virions per cell can be estimated by (Brendel and Perelson,
1987)

Vo f
Gy D+ f

(Jp) = (A —exp{—(D+fuh, (VL6)

which is rigorously correct as long as the number of
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dissociated virions which bind to new cells is negligible. In
this time period, the free virus concentration is

M_ 2 (i expl-@+ 1)

A (VL7)

and the expected fluorescence due to fusion is, Eq.
(IV.10),

Go_ (Jp)

I:vl = _V—o m (VI8)

By measuring the fused virus concentration or the free
virus concentration {(or preferably both), it is possible to fix
both f and D. While only the ratio D/f is required to
determine C and f from C and f, the extra information
gives two independent estimates for £.

In this regard, it is worth considering whether the
preincubation experiment is sufficient if one is only inter-
ested in the fusion rate constant, as has been done by
Kuroda et al. (1985), Nir et al. (19865); Tsao and Huang
(1986); and Blumenthal et al. (1987). Presently, there is no
clear answer to this question. The studies cited have
discussed various difficulties, as well as the controls pro-
posed to account for their influence. We would add that the
lengthy incubation time for binding should also increase
the extent of multivalent interactions. This is likely to alter
the cell surface, even before any fusion event is measured.
Clearly, performing both types of experiment will provide
far more reliable estimates of the rate constants. In a
related issue, Richman et al. (1986) have emphasized that
cells suffering multiple infections may show fusion mecha-
nisms which differ from those found in vivo.

APPENDIX A

Kinetics of Heterogeneous Dimerization
We want to treat the reaction

C' f
V+S—VS>F
D

Subject to the initial conditions V(2 = 0)] = V¥, and [S(t = 0)] = S, and
the other species having zero concentration initially. The kinetic equations
are

divl d[S] ,
- g - ~CVIS] + Di¥s)
W e - s+ vs)
d[F]
—a ~S1S] (A.1)

Itis clear that ¥, = [V] + [VS] + [F] at all times. Now, when we define
the fraction of attached virions which have fused as

(F]

= IF] + [¥S) (A2)
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then we can formally write

TR )

2 2
[F] v
70 -F (1 - 70) (A.3)

as well as the formal solution for {F]/V,, as

[F] % +fj;' exp { fx} (l - [%:)]) dx]. (Ad)

—V—-expl—fl}

Therefore,

¥ -exp{—m[@ +f ['eso )

(V)] vl
. (l - T)dx]/(l - To) . (AS)

This formal solution for & is of value only if there is an explicit solution for
[V]. Let us first consider the case of irreversible aggregation, i.c., D = 0.
Then, we can use Eq. (IV.1) in the text to write

V]
Vo 1 —(a+ 1)T(7)
exp lar} — 1

() - (1 + a)explar} — 1

a2

o
T=C'Vot
K = fI(C'V,) (A.6)
so that,
g = (@ + DT(DFK, 7). (A.T)

0

Thus, the solution for irreversible aggregation is at hand once the function
F is evaluated. This cannot be done in closed form, but there is an
asymptotic solution. We write Eq. (A.5) in the dimensionless variables of
Eq. (A.6), with [F(0)] = 0,

K T
F = mjo. exp [—K(r — x)}T(x) dx

K .
-7 _£ exp {—Ks}T(r — ) dx. (A8)
When s = 7 — x. Now let,
exp las} — 1
us) - (1 +a)explar) — 1 (A9)
Then U(s) < 1 when s < r and U(z) = T(7). It can be shown that
T(r) — U(s)
Te-9=-""76
- T() + (T() - 1) 3 UGy (A.10)
j=1
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and thus Eq. (A.8) becomes
- T —Ksjd.
F-K /; exp {—Ks} ds

T -1 . .
+K(;_)T§jo- exp {—Ks|U(s) ds

exp {ar) i W,

A4 5 (A+explarly’ (A-11)

=1 —exp{-K7} -

where

explar} -1 a=0
a

A

(A.12)
and

K
— v _ - J
W,-—a,jo' exp {—Ks} (exp las} — 1)/ ds
1
Jt— expl—Krltj,—;)\,A’

=0 ¥

s/ K)

-1
Ay =TT &k - o). (A.13)
i=0

Note that \g=1,\, = K, \; = K(K — a), \; = K(K — a) (K — 2a),and
soon. Eq. (A.13) is well behaved in the event that K — ia, for any i, but
the resulting equation is not as compact. Now,

_1- exp{—Kr} (1 + KA)

and to first order

exp lar) W,
A (A4 +explar))

(A.15)

F (K, 7) =1 —exp{-Kr} -

whena =0

—exp{-Kk7i(1 + K7)
Kr(l + 1)

1
F, =1—exp{—Kr}-

when K =

a(l + (ar — 1) exp far})
(exp lar} — D((1 + ) exp lar) — 1)’

F, =1 —cexplor} -

Retaining the first two orders yields
gl(va) - 7|(K, 7)

exp {—Kr}[K(K — a)4A? + 2KA + 2] - 2
(K — a)(K — 2a)(A + exp lar])?

(A.16)

exp lar}
A

Ifa = 0, then 4 = 7 and

a=0 Hexp{—Kr}[(Kr + 1)2 + 1] — 2
T de —[ KL+ 7

]. (A.17)

In cases where K = a or K = 2a, the appropriate limiting equations for ¥,
can be obtained easily. Typically, ¥, is nearly exact.

W, (A.14) The main problem with treating aggregation wibmty is that ther_e
K-« is no analytical solution for [V']/V,. However, in Bentz et al. (1983), it
TABLE I1

FRACTION OF FUSED VIRUS, [F]/V,, COMPARISON OF NUMERICAL INTEGRATIONS OF EQ. (A.2) WITH THE

APPROXIMATE SOLUTION, EQ. (A.18)

p o ’ So/Ve = 0.1 So/ Vo= 1.0 Sof Vo = 10.0
(C_V.,) (C'Vy) Exact Eq. (A.18) Exact Eq. (A.18) Exact Eq.(A.18)
100 0 0.05 0.0039 0.0039 0.038 0.038 0.322 0.322
0.1 0.0086 0.0086 0.082 0.082 0.579 0.579
0.5 0.038 0.038 0.329 0.329 0.989 0.989
10 0.061 0.062 0.497 0.497 1.0 1.0
2 0.01 0.0002 0.0002 0.0023 0.0023 0.022 0.022
0.05 0.0016 0.0015 0.016 0.015 0.144 0.143
0.1 0.0032 0.0032 0.031 0.031 0.267 0.272
0.5 0.015 0.015 0.142 0.142 0.786 0.792
1 0 0.1 0.0005 0.0005 0.0045 0.0046 0.035 0.035
0.2 0.0017 0.0018 0.017 0.017 0.103 0.103
1.0 0.026 0.029 0.218 0.230 0.589 0.589
20 0.058 0.065 0.464 0.486 0.849 0.849
2 0.2 0.0015 0.0016 0.015 0.016 0.094 0.131
1.0 0.017 0.020 0.151 0.181 0.521 0.811
20 0.036 0.042 0.297 0.354 0.786 0.984
10.0 0.051 0.095 0.727 0.763 1.0 1.0
o 0.1 0.1 1.0 1.0 1.0 1.0
Numerical integration of Eq. (A.2) was performed using a Runge-Kutta (order 4) algorithm.
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was shown that the effect of reversibility could be approximated
adequately using the equations from the irreversible case, provided that
the rate constants were scaled. That is, the solution for the fused virus,
[F], can be estimated by

[Tfl a (@ + )FAK, HTH),

0

(A.18)

where,

7 =CVyt

K = {/(CV,) = K(1 + DJf)?
C-c/0+ D)

f-7(1 + D).

Table I1 shows the accuracy of this equation relative to exact numerical
integrations of Eq. (A.2) for a wide range of initial conditions. The
approximation becomes inadequate for K < 1 and D/f > 2. Using higher
order terms for ¥ does not reduce the error of the approximation. It is
interesting that this approach gives a much better approximation when
used with the multisite virus-cell model, as is shown in Table I and Fig. 2.
It is worth noting that ¥ is a weakly varying function of a, when a < 10.
This scaling of the rate constants gives a good approximation for the
solution of the fused particles, [F]/V,. In fact, Eq. (A.18} is asymptoti-
cally exact as r — 0. The same approach will not give as good an
approximation for the other species, which is to be expected since [V] is
initially independent of D (Bentz and Nir, 1981).

APPENDIX B

Resolution of the Fluorescence Intensity
Function

Eq. (IV.7) shows that the fluorescence intensity expected for the lipid
mixing assay is,

G, & (N - J

It) = — 1 — TYNeii = X

(2) Vo,.i,(j )( PTG e B
While this expression can be evaluated, we will find that a nontrivial
expansion in powers of 1/D, can be resolved into a very simple formula.
The approximate formula is valid, and quite accurate, when Ng/D, < 1
and Nz » 1.

We begin by defining the function:

N

SNk, T) =Z(1:/) *TI(1 - Ty,

(B.2)
Expanding (1 — T)" gives

‘K

—_—'(N Y (B.3)

SWK T) -3 T 'f)f(— Y-i-s

j=0

Now, if we take £ = N — j, and define

_Z(_l)in )

(B.4)
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so that NI/(N — 2)! = N'b,,, then

Sy(K, T) = i (NT) byt

=1

(B.5)

These a,, coefficients have interesting properties. It can be shown that

ay =0 if £>K=1 (B.6)
G=ax=1
Akl = K(K + 1)/2
gk, = K(K + 1)}(K + 2)(3K + 1)/4\. (B.7)
Using Eq. (B.6), we can write Eq. (B.5) as
min{K, N}
Sy(K,T) = D (NT)bpyag
[
K1 '
= Z N T)K_'biv,x-zax-w
j=maxf0,X - N)
withi =K — & (B.8)

With these results, the resolution of Eq. (B.1) is straightforward. Noting
that 1/(1 + x) = 27 (~x)' when x < 1, we can write

Z( Dy~ i( )'*‘T’(I — Ty, (B.9)

0 i=0 j=1

I(t) =
Therefore, from Eq. (B.2) and (B.8)

1(:)——°Z( Do) 'Sy, (i + 1, T)

0 -0

{

Z( D

0 =0 J-max{Os+1-Ng

(NFT)H ! _ij,,iH —jBie1-iet

GO « Ne—1+/

Z z (= Do) (NgTY! Jprl+l_jal+l~jl+l

010 i
letQ=i—j
G, !
_VNFTZ( Dy)™ Z (- NFT/DO) b kr1@urt ety
10

(B.10)

Up to this point, our resuits are exact. Now, we will introduce two weak
assumptions which will provide a simple closed from expression of I(t).
We assume that the number of fusion sites per cell is large, i.e., Ne» 1,
and that the cell membrane is never increased in size by more than a
factor of two due to the incorporation of virial membrane by fusion, i.c.,
Ng/D, < 1. With these assumptions, we can replace by, , by 1, since Eq.
(B.4) shows that this approximation is inaccurate only when £ — N,, and
then (NeT/D,)" — 0. We will also replace N — 1 by = in the second
summation, since the difference is numerically insignificant. Thus,

O NFTZ (- Do)-'Z (=NeT/Dg)'ay, 4014

j=0 £2=0
G,
-—-N,T}:Q( Do), (B.11)
=0
where,
Q, = Z (—NFT/Dn)Raul.unj-
2-0
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Using Eq. (B.7), we find that g, . = 1, ps 1000 = @ + D® + 2)/2,
and g, y0.5 = (8 + 1)(® + 2)® + 3)(32 + 4)/4". Thus,

1
1 + N.T/D,

0 @+ DR +2)
2

=3 (=N, T/DyY =
=0

0, =3 (-N,T/D,
2-0

v

= (1 + N.T/Dy

y OH D@+ DE + 332 + 4
al

0, -3 (-N,T/D,

£-0
1 — N.T/D,

T (1 + NeT/Dy)*”

We will make a further simplification. Following the pattern of Eq.

(B.12), we can approximate Q; > (1 + NT/Dg)~" * *. Using this in Eq.
(B.11) gives

(B.12)

N T
V,, 1+ NeT/Dy + (Do + NeT)™V

)= (B.13)

Eq. (B.13) is as accurate, or better, than Eq. (B.11) using terms up to @,
over the entire range of Ny and D, > 1, for those values of T where the
relative error of both approximations is < 1%. There is < 1% relative error
for any value of Ny if Dy > 100 and for Ng > 50 when D, > 5. Eq. (B.14)
also has a simpler form than does the second order approximation of Eq.
(B.11).

APPENDIX C

Fluorescence Assays for Membrane Fusion

As described in Dilzgiines and Bentz (1988), lipid mixing assays based
upon resonance (or Forster) energy transfer depend upon the relative
surface densities of the acceptor fluorophors, provided that the surface
density of donors is not too great. Here, we shall develop the equations
relevant to monitoring the fluorescence of the donor molecules and treat
the dequenching configuration for the assay; wherein the donor and
acceptor molecules are initially in one vesicle, i.e., the virus, and the fusion
event results in a dequenching of the donor molecules as the probes are
diluted into the target membrane.

Let g, denote the fluorescence intensity of the donor molecules in the
absence of acceptor molecules, per unit molar concentration. Let n,
denote the number of donor molecules and n, denote the number of
acceptor molecules per virion. Let g(v) equal the fraction of fluorescence
quenching experienced by each donor molecule due to acceptor molecules
in the same membrane at an effective density v = (surface density of
acceptors) times R, where R, is the distance for 50% energy transfer
between the donor and acceptor molecules. Explicit equations for g(v) can
be found in Wolber and Hudson (1979); Snyder and Friere (1982); and
Diizgiines and Bentz (1988). In general, ¢(v) < 1,¢(0) = 1 and g(c) = 0.
The initial fluorescence intensity is

ig = Vo"dq("aR%/sv) Gor

where S, is the surface of the virus. The final fluorescence intensity will
depend upon the surface area of the cell membrane relative to the virial
membrane area. If S; denotes the surface area per cell and all the virions
can fuse with the cell, then D, = (V4S, + GoSg)/(V,S,) is the final
(average) dilution factor for the acceptor molecules. Therefore, the final
fluorescence intensity is

ip= Vo"dQ(ncR%/Dva) Gor

(C.1)

(C.2)
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where we have neglected the possible, and correctable, problem of
extrancous energy transfer to, or from, cell membrane components
(Stamatatos ct al., 1988).

In order to obtain the change in fluorescence intensity due to fusion, we
need to sum the concentrations of cells which have the same number of
fused virus, regardless of the number of bound virus, as we assumed that
simple binding has no effect on the fluorescence of the donor molecules.
We define

Np—/

F(1) = 3_ [4F,).

i=0

(C3)

Thus, Fi(t) is the molar concentration of cells with j fused virions. The
upper bound of the summation accounts for the fact that j of the binding
sites have been fused.
It will be notationally convenient to define
Dy = (Sg + iS,)/S, = j + Dy, (C.9)

where D, = Sg/S, is the relative surface area of the cell to that of the
virus. After fusion, the absolute fluorescence intensity is

Ny
i(r) - (Vo - ;ﬂ‘)(')) n,q(n,R3/S,) g0

Nf
+ 2_jF(Ongq(in.RY/ D;S)ge. (C.5)
J=1
Therefore, the relative change in fluorescence is:
11
1y -0l 5" g C)
l/ — i 0 J=1
q(jncR(Z)/DjSv) _ q(ncRﬁ/Sv)
] - 2 2 . (C.7)
q(naRO/Dva) - q(naRO/sv)

Notice that the function /(¢) is defined such that 7(0) = 0, /(¢) increases
in time due to fusion and I(z) = 1, only if all of the virions have fused.

We will specifically consider the case where the surface density of
acceptor molecules in the target membrane after fusion is sufficiently
small that the quenching function g(v) is linear with respect to v, which
requires <1 acceptor per SR} (Wolber and Hudson, 1979; Snyder and
Friere, 1982; Diizgiines, and Bentz, 1988). For most lipid mixing assays,
this condition is met when the acceptor is present at <0.5 mol % lipid in
the cell membrane (Struck et al., 1981; Hoekstra et al., 1984; Silvius et
al., 1987).

In this case, we can write

1 1
Bi-1% /Do (1 -1 /D,)‘ (€8
Another step is usually introduced for experimental convenience: the final
signal i, is set by lySing the virus-cell suspension in detergent. This
simplifies setting the value for i, although it is an artificial state and care
must be taken to assure that no artifactual quenching of the fluorophors
occurs due to the presence of the detergent (Tanaka and Schroit, 1983).
We can treat this as a case of infinite dilution (D, = =) and Eq. (C.6)
becomes

(1) = — ZF’()1+ Dy (C.9)

It is worthwhile recalling that 2" Jl-‘j(r) /Va is just the fraction of virus
which has fused. Thus, when D, — o, i.e., the cell membrane is vastly
larger than the viral membrane and fusion implies an infinite dilution of
probe, then I(z) exactly equals the fraction of virus which has fused. In
general, 7(t) will be less than this fraction.
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APPENDIX D

The General Solution for Irreversible
Aggregation

Here we show that the general adhesion model

G
V+A— A, (D.1)

can be completely determined by the integration of a single ordinary
differential equation. This case covers irreversible aggregation, Section II,
and irreversible aggregation rate limited fusion, Section IV, where F;
would replace A;. We will write

C - c("’—‘—‘) & (D.2)

N

so that g, is the shielding function for adjacent binding sites, as defined in
Eq. (V1.4). However, we will not specify g, any further; which makes the
values of C, arbitrary. Vis just the total number of binding sites (in which
case, N = Np) or the total number of fusion sites (in which case,
N = Ng).

When we define 7 = GoVyt/N, v = [V]/V,and x; = [A4,]/V,, then the
mass action equations for Eq. (D.1) are

dv =l .
E = -V g (N - i)gx,
dx, .
Z = V{(N“‘ 1-Dgxiy — (N - l)glx,}- (D.3)
Let us now define,
= /7 d; .
z(7) jo' w(u) du (D.4)
and write Eq. (D.3) in terms of z. Thus,
dv N-1
5o Zﬂ (N — g.x, (D.5)
dx, . .
i WN+1-Dgxiy — (N - Dgix; (D.6)

Now Eq. (D.6) has a formal solution with respect to z for all i, which is

x;=exp{—(NV — gz} ./0" exp {(NV — i)gu}

[V + 1 —i)gyx ()] du

which can be solved inductively to yield

G i
=3 Byexpi-(N - gz}

x‘ =
VO =0

(D.7)

by noting that dx,/dr = —Ngyx,, go = 1 and x,(0) = G,/ V,. Here

N+1-Dg_, i< i
Bi= —Bi-ry (N —J)g—(N-ig =
(=)
Bu= - Z By
=0
- (D8)
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Given these solutions for x,;, we can integrate Eq. (D.5) immediately and
obtain

N-1
- [V_] — 1= (1 + ) 2wl — expl—(N — i)gal]
0 =0

N-1
v = [NV - Dg]™" 2_ (N - j)gBs. (D.9)

J=i

This gives the solution for v and x; in terms of z. Now, from the definition
of z, Eq. (D.4) we can write

: du
-4 V@)l/ Ve

=f' du
0

N1 ’
1-(1 +a) Z Y[l — exp{—(N — i)gul]

-0

(D.10)

which is an ordinary integral giving 7 as a function of z. The easiest
approach is to choose z and evaluate 7.

In the case of fusion, which is rate limited by irreversible aggregation,
we can immediately write the equation for the expected fluoreoscence
intensity as

Go Ne
1) =372 fiexp -V ~ gz
0 -0
Nr J
= —_— D.11
b= 2 1 n, (D.11)
using Egs. (II1.1-3) and (D.7), since under these conditions, x; is identical

to Fi(t)/ V.
We note that if the binding sites are independent, then g, = 1 and

8, - (~1)" (".' ) (’)
LI\

[o ifi<N—1

Y=

1 i=N-1
1 -1 -0

z - In @t D explerl i+, (D12
a exp [ar)

Egs. (D.9 and D.11) now reduce to Egs. (11.6 and IV.7), respectively.

These nearly closed form solutions reduce the number of differential
equations to be numerically integrated from N to 1. When aggregation is
reversible, it appears that the entire ensemble of equations must be
numerically integrated to obtain the exact solutions. Nevertheless, it
should be possible to develop approximate analytical solutions using the
equations for irreversible aggregation presented here and the approach of
scaling parameters presented here and previously (Bentz and Nir, 1981;
Bentz et al., 1983).
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